Abstract. We establish the Hyers-Ulam stability of certain linear first-order differential equations with singularities. We then extend these results to higher-order singular linear differential equations that can be written with these first-order factors. An example of our results is given for a second-order singular linear differential equation that is not be covered by the current literature in this area.
introduction
In 1940, Ulam [28] posed the following problem concerning the stability of functional equations: give conditions in order for a linear mapping near an approximately linear mapping to exist. The problem for the case of approximately additive mappings was solved by Hyers [11] who proved that the Cauchy equation is stable in Banach spaces, and the result of Hyers was generalized by Rassias [24] . Obloza [20] appears to be the first author who investigated the Hyers-Ulam stability of a differential equation.
Since then there has been a significant amount of interest in Hyers-Ulam stability, especially in relation to ordinary differential equations, for example see [8, 9, 12, 13, 14, 15, 16, 17, 18, 19, 22, 23, 26, 29] . Also of interest are many of the articles in a special issue guest edited by Rassias [25] , dealing with Ulam, HyersUlam, and Hyers-Ulam-Rassias stability in various contexts. Also see Popa et al [6, 21, 22, 23] . András and Mészáros [3] recently used an operator approach to show the stability of linear dynamic equations on time scales with constant coefficients, as well as for certain integral equations. Anderson et al [1] considered the Hyers-Ulam stability of second-order linear dynamic equations with nonconstant coefficients, while Tunç and Biçer [27] proved the Hyers-Ulam stability of third and fourth-order Cauchy-Euler differential equations.
Hyers-Ulam stability for first-order equations
In [23, Theorem 2.2], Popa and Raşa prove the Hyers-Ulam stability of where a, b ∈ R ∪ {±∞}, assuming that the condition
is met, where ℜz is the real part of the complex number z. We will consider several singular differential equations that can be written in the form (2.1), where we do not assume (2.2). Note that Hyers-Ulam stability is independent of the nonhomogeneous term f in (2.1), so in the sequel we consider only homogeneous equations, that is f ≡ 0.
Before we present the main results of this section, we recall the definition of Hyers-Ulam stability.
Definition 2.1 (Hyers-Ulam stability). Let ϕ : (a, ∞) → R be a continuous function, z ∈ C be a complex constant, and ε > 0. If whenever a differentiable function x : (a, ∞) → C satisfies
there exists a solution y of ϕ(t)y ′ (t) + zy(t) = 0 such that |y − x| ≤ Kε on (a, ∞) for some constant K > 0, then equation ϕ(t)y ′ (t) + zy(t) = 0 has Hyers-Ulam stability (a, ∞). Similar definitions hold on (0, a) for a > 0.
Lemma 2.2. Let z ∈ C and γ ∈ R be given constants. If ℜz = 0, or if ℜz = 0 and γ > 1, then the equation Table 1 .
for some perturbation q : (1, ∞) → C and some ε > 0, pick y : (1, ∞) → C to be a solution of (2.3) in the following way: Let A = ∞ if ℜz < 0 and γ ≤ 1, but let A = 1 otherwise. If γ = 1, then
We now proceed by cases to verify the K values in Table 1 , where K > 0 is the Hyers-Ulam constant in Definition 2.1.
If ℜz < 0 and γ ≤ 1, then A = ∞ and by (2.4) and (2.5) we have
If ℜz > 0 and γ ≤ 1, then A = 1 and by (2.4) and (2.5) we have
If γ > 1, then A = 1 and by (2.4) and (2.5) we have
If ℜz = 0 and γ ≤ 1, please see the proof of Theorem 2.6 below for specific examples illustrating that (2.3) is not Hyers-Ulam stable on (1, ∞) for these values. All together, the result is proven and Table 1 is verified.
Lemma 2.3. Let z ∈ C and γ ∈ R be given constants. If ℜz = 0, or if ℜz = 0 and γ < 1, then the singular equation
is Hyers-Ulam stable on (0, 1). If ℜz = 0 and γ ≥ 1, then (2.6) is unstable on (0, 1) in the Hyers-Ulam sense. The values K > 0 for the Hyers-Ulam stability of (2.6) are given in Table 2 .
Proof. The proof proceeds in a way similar to that of the proof of Lemma 2.2. Let t 0 ∈ (0, 1). If
x : (0, 1) → C is an approximate solution of (2.6) such that
for some q : (0, 1) → C and some ε > 0, pick y : (0, 1) → C to be a solution of (2.6) in the following way:
Let A = 0 if ℜz > 0 and γ ≥ 1, but let A = 1 otherwise. If γ = 1, then y, x, and c are given in (2.4); if γ = 1, then y, x, and c are given in (2.5). We again proceed by cases to verify the K values in Table 2 .
If ℜz > 0 and γ ≥ 1, then A = 0 and by (2.4) and (2.5) we have
If ℜz < 0 and γ ≥ 1, then A = 1 and by (2.4) and (2.5) we have
If γ < 1, then A = 1 and by (2.4) and (2.5) we have
If ℜz = 0 and γ ≥ 1, please see the proof of Theorem 2.6 below for specific examples illustrating that (2.6) is not Hyers-Ulam stable on (0, 1) for these values. All together, the result is proven and Table 2 is verified.
Remark 2.4. Consider the nonhomogeneous version of (2.3), namely Table 2 . K values for Hyers-Ulam stability of (2.6) on (0, 1) for some continuous function f : (1, ∞) → R. We can easily modify the proof of Lemma 2.2 as follows. If x : (1, ∞) → C is an approximate solution of (2.7) such that
for some q : (1, ∞) → C and some ε > 0, pick y : (1, ∞) → C to be a solution of (2.7) in the following way:
Let A = ∞ if ℜz < 0 and γ ≤ 1, but let A = 1 otherwise. If γ = 1, then As the key calculations are based on |y(t) − x(t)|, we see from (2.8) and (2.9) that nothing is changed due to f , as its terms subtract off. Lemma 2.3 can likewise accommodate a nonhomogeneous term without effect. Theorem 2.6. Let z ∈ C and γ ∈ R be given constants. The singular differential equation Proof. If ℜz = 0, the Hyers-Ulam stability of (2.10) follows from Lemmas 2.2 and 2.3, respectively. If ℜz = 0, let γ, β ∈ R and i = √ −1, and consider the singular differential equation
We will show (2.11) is unstable in the sense of Hyers and Ulam.
Given any ε > 0, for t ∈ (0, ∞) let
for all t ∈ (0, ∞). Clearly
where c is a constant, is the only type of solution of (2.11), but
is unbounded on (0, ∞), for any choice of c. Consequently, (2.11) is unstable in the sense of Hyers and
Ulam on (0, ∞) for any γ ∈ R. Theorem 2.8. Let z ∈ C and γ ∈ R be given constants. The singular differential equation
is Hyers-Ulam stable on (1, ∞) if and only if ℜz = 0.
Proof. Let y : (0, ∞) → C be a solution of (2.10), and let Y : (1, ∞) → C be given by Y (t) := y(ln t).
Then t(ln t) γ Y ′ (t) + zY (t) = (ln t) γ y ′ (ln t) + zy(ln t) = 0 for t ∈ (1, ∞), so that Y is solution of (2.12). Similarly, if Y : (1, ∞) → C is a solution of (2.12), then y : (0, ∞) → C is a solution of (2.10) via y(t) := Y (e t ) with t = ln u for u ∈ (1, ∞). Thus there is a oneto-one correspondence between the solutions of (2.10) and the solutions of (2.12), and likewise between approximate solutions of (2.10) and (2.12), respectively. By Theorem 2.6, the singular equation (2.10) is
Hyers-Ulam stable on (0, ∞) if and only if ℜz = 0. The result for (2.12) follows.
factoring
In this section we show how the results in the previous section can be incorporated into an investigation of Hyers-Ulam stability for certain higher-order singular linear differential equations with nonconstant coefficients.
Let D be the differential operator defined by Dy = y ′ for differentiable functions y : (0, ∞) → C, and I the identity operator given by Iy = y. For a given function ϕ : (0, ∞) → R, let (ϕD) 0 y = Iy = y, (ϕD)y = ϕy ′ , and for positive integers n, let (ϕD) n y = (ϕD) n−1 ϕDy. We consider the higher-order singular linear differential equation
for some real constants γ and α m , where α 0 = 1 for convenience. Note that if γ = 0, then this is the nth-order linear constant coefficient differential equation
while if γ = 1, this is a nested form of the nth-order linear Cauchy-Euler differential equation
Remark 3.1. Our first task will be to factor (3.1) for the analysis to follow. To accomplish the factorization of (3.1), we use the substitutions (see also [2, Remark 2.2])
where z i ∈ C for i = 1, 2, · · · , n. Then we have the factorization of (3.1) given by Proof. By Remark 3.1 and (3.2) we have that (3.1) can be written in factored form as
Now suppose there exists a function x such that
for some ε > 0, for all t ∈ (0, ∞). Define the new functions y n ≡ 0, x 0 := x and
and by (3.3) and (3.4) (recall y n = 0 and x 0 = x), we have
by construction. Hyers-Ulam stability of (3.4) on (0, ∞) with k = n implies there exists a solution y n−1 of (t γ D + z n I) y n−1 (t) = y n (t) such that |y n−1 (t) − x n−1 (t)| ≤ K n ε; substituting from (3.4) with k = n − 1 this inequality becomes
and so on. We proceed by iterating the proofs of Lemmas 2.2 and 2.3, and using Remark 2.4. Let A k = 0 if ℜz k > 0 and γ ≥ 1; let A k = ∞ if ℜz k < 0 and γ ≤ 1; let A k = 1 otherwise, for k = 1, · · · , n. Let t k ∈ (0, ∞) for k = 1, · · · , n. Let x k−1 solve (3.4) with initial condition at t k , and y k−1 solve
Using (3.4), (3.5), and Tables 1 and 2 , we have on (0, ∞) that starting with k = n and proceeding down to k = 1. In particular (recall x 0 = x, the original approximate solution), we arrive at |y 0 (t) − x 0 (t)| = |y 0 (t) − x(t)| ≤ ε n j=1 K j , t ∈ (0, ∞).
From (3.6), and using the fact that y n = 0, we see that y 0 is a solution of the factored form of (3.1). Thus Suppose there exists a differentiable function x : (0, ∞) → C and a constant ε > 0 such that
As in the proof of Theorem 3.2, we use x to construct a solution y of (3.2) given by y(t) = e 2−2/t x(1) + e 2−2/t − e 1−1/t x ′ (1) − 2x(1) .
Then y exists on (0, ∞) with finite limits at the endpoints of the interval, and |y(t) − x(t)| ≤ (e − 1)(e 2 − 1) 2 ε for all t ∈ (0, ∞).
